Generalization of Titchmarsh&apos;s Theorem for the Generalized Fourier-Bessel Transform in the Space L 2 α,n by S El Ouadih et al.
International Journal of
Mathematical Modelling & Computations
Vol. 06, No. 03, Summer 2016, 253- 260
Generalization of Titchmarsh’s Theorem for the Generalized
Fourier-Bessel Transform in the Space L2α,n
S. El ouadih a,∗, R. Daherb and M. El hammac
aDepartment of Mathematics, Faculty of Sciences Aı̈n Chock,University Hassan II,
Casablanca, Morocco;
bDepartment of Mathematics, Faculty of Sciences Aı̈n Chock,University Hassan II,
Casablanca, Morocco.
cDepartment of Mathematics, Faculty of Sciences Aı̈n Chock,University Hassan II,
Casablanca, Morocco.
Abstract. In this paper, using a generalized translation operator, we prove the estimates for
the generalized Fourier-Bessel transform in the space L2α,n, on certain classes of functions.
Received: 2 July 2015, Revised: 23 January 2016, Accepted: 7 June 2016.
Keywords: Singular differential operator; Generalized Fourier-Bessel transform; generalized
translation operator.
AMS Subject Classification: 42B37
Index to information contained in this paper
1 Introduction and preliminaries
2 Main Result
3 Conclusions
1. Introduction and preliminaries
Integral transforms and their inverses the Bessel transform are widely used to solve
various problems in calculus, mechanics, mathematical physics, and computational
mathematics (see [3,7]).
In [5], E. C. Titchmarsh’s characterizes the set of functions in L2(R) satisfying
the Cauchy-Lipschitz condition by means of an asymptotic estimate growth of the
norm of their Fourier transform, namely we have
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Theorem 1.1 Let α ∈ (0, 1) and assume that f ∈ L2(R). Then the following are
equivalents




|f̂(λ)|2dλ = O(r−2α) as r → ∞,
where f̂ stands for the Fourier transform of f .
In this paper, we consider a second-order singular differential operator B on the
half line which generalizes the Bessel operator Bα. we prove an analog of theorem
1.1 in the generalized Fourier-Bessel transform associated to B in L2α,n . For this
purpose, we use a generalized translation operator. We point out that similar results
have been established in the context of non compact rank one Riemannian symetric
spaces [8].
We briefly overview the theory of generalized Fourier-Bessel transform and related
harmonic analysis (see[1,6]):






















Let M be the map defined by
Mf(x) = x2nf(x), n = 0, 1, ....
Let Lpα,n, 1 ⩽ p < ∞, be the class of measurable functions f on [0,∞[ for which








If p = 2, then we have L2α,n = L
2([0,∞[, x2α+1).
For α ⩾ −12 , we introduce the Bessel normalized function of the first kind jα defined
by






, z ∈ C, (1)
where Γ(x) is the gamma-function (see [4]). The function y = jα(z) satisfies the
differential equation
Bαy + y = 0,
with the initial condition y(0) = 0 and y′(0) = 0. The function jα(z) is infinitely
differentiable, even, and, moreover entire analytic.
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hence, there exists c > 0 and η > 0 satisfying
|z| ⩽ η ⇒ |jα(z)− 1| ⩾ c|z|2 (2)
From [2], we have
|jα(x)| ⩽ 1 (3)
1− jα(x) = O(x2), 0 ⩽ x ⩽ 1. (4)
For λ ∈ C, and x ∈ R, put
φλ(x) = x
2njα+2n(λx). (5)
From [1,6] recall the following properties.
Proposition 1.2
(c) φλ satisfies the differential equation
Bφλ = −λ2φλ.
(d) For all λ ∈ C, and x ∈ R
|φλ(x)| ⩽ x2ne|Imλ||x|.






2α+1dx, λ ⩾ 0, f ∈ L1α,n,
(see [1]).
Let f ∈ L1α,n such that FB(f) ∈ L1α+2n = L1([0,∞[, x2α+4n+1dx). Then the inverse











From [1,6], we have
Proposition 1.3
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(f) The generalized Fourier-Bessel transform FB extends uniquely to an isometric
isomorphism from L2α,n onto L
2([0,+∞[, µα+2n).
Define the generalized translation operator T h, h ⩾ 0 by the relation
T hf(x) = (xh)2nτhα+2n(M
−1f)(x), x ⩾ 0,

















For f ∈ L2α,n, we have
FB(T hf)(λ) = φλ(h)FB(f)(λ), (6)
FB(Bf)(λ) = −λ2FB(f)(λ), (7)
(see [1,6] for details).
Let f ∈ L2α,n. We define the differences of the orders k(k = 1, 2, ..) with a step
h > 0 by
∆khf(x) = (T
h − h2nI)kf(x), (8)
where I is the unit operator in L2α,n.
Let W k2,α,n be the Sobolev space constructed by the Bessel operator B, i.e.,
W k2,α,n =
{












where m = 0, 1, ..., k.
Proof From formula (7), we obtain
FB(Bmf)(λ) = (−1)mλ2mFBf(λ);m = 0, 1, ... (9)
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By using the formulas (5), (6) and (9), we conclude that
FB(T hBmf)(λ) = (−1)mh2njα+2n(λh)λ2mFBf(λ). (10)
From the definition of finite difference (8) and formula (10), the image ∆khBrf(x)
under the generalized Fourier-Bessel transform has the form
FB(∆khBmf)(λ) = (−1)mh2nk(jα+2n(λh)− 1)kλ2mFBf(λ).
Now by proposition 1.3, we have the result. ■
Our main result is as follows.
Theorem 2.2 Let f ∈ W k2,α,n. Then the following are equivalents




λ4m|FBf(λ)|2dµα+2n(λ) = O(r−2δ), as r → ∞,
where m = 0, 1, ..., k.
Proof (i) ⇒ (ii). Suppose that
∥∆khBmf∥2,α,n = O(hδ+2nk), h → 0.




































λ4m|FBf(λ)|2dµα+2n(λ) = O(r−2δ), r → ∞.

















λ4m|FBf(λ)|2dµα+2n(λ) = O(r−2δ), as r → ∞.
(ii) ⇒ (i). Suppose now that
∫ ∞
r
λ4m|FBf(λ)|2dµα+2n(λ) = O(r−2δ), as r → ∞.
and write
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where C1, C2 and C3 are positive constants and this ends the proof. ■
Corollary 2.3 Let f ∈ W k2,α,n and let
∥∆khBmf∥2,α,n = O(hδ+2nk), as h → 0.
Then ∫ ∞
r
|FBf(λ)|2dµα+2n(λ) = O(r−4m−2δ), as r → ∞,
where m = 0, 1, ..., k.
3. Conclusions
In this work we have succeded to generalise the theorem in [5] for
the generalized Fourier-Bessel transform in the Sobolev space W k2,α,n
constructed by the singular differential operator B. We proved that
∥∆khBmf∥2,α,n = O(hδ+2nk), as h → 0, 0 < δ < 1 if and only if∫ ∞
r
λ4m|FBf(λ)|2dµα+2n(λ) = O(r−2δ), as r → ∞.
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